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Abstract: A nonlinear operator equation, depending on three real parameters, is given. We designed a new direct 
method for the calculation of a swallowtail of this equation. It turns out that the special structure of the extended 
system can be used to construct an efficient algorithm. 
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Consider the following nonlinear equation, depending on three real parameters: 
F(x, X) = 0, XEX, XER3 
where X is a Banach space. 
(1) 
x* is a nonisolated or multiple solution of (1) for X = X* if the nullspace N( c,‘(x*, X*)) of the 
Frechet derivative is nontrivial. We will assume that the Frechet derivative has a one-dimensional 
nullspace: 
N( c(x*, X*)) = space(+), @EX, +zo. (2) 
Further we assume that the Fredholm Alternative Theorem is valid for the lineair operator 
F; (x*, A*). 
We can reduce the nonlinear equation (1) to a scalar equation by the Liapunov-Schmidt 
method. This scalar equation is called the bifurcation equation. If x* is a fourfold solution of (1) 
it can be proved, under certain conditions, that the bifurcation equation is equivalent to the 
equation of the equilibrium points of the universal unfolding of a swallowtail catastrophe [l]. The 
following theorem can be proved [l]. 
Theorem. Let x* be a fourfold solution of (1) for X = A*, corresponding to a swallowtail. 
If the functions k and I have the following properties: 
k: X-R, k(+)=l and k’(+)-+#O (3) 
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Table 1 
‘des 
10-Z 
A, 
13.81894256 
eprrd 
0.50 10-z 
eact 
0.15 10-z 
’ fin 
33 
time 
44 
1o-4 13.82049305 0.11 1o-4 0.32 lo-’ 65 146 
10-6 13.82049627 0.80 lo-’ ? 129 502 
for some 9 E N( F;( x*, A*)), 
I: XXX+R, linear in the second variable, and 
I(+, $) + 0; 
then the following extended system has (x*, C#B, v, q, A*) as an isolated solution: 
F(x, A)=O, F;(x, A)+ = 0. 
F;(x, X)0 + F::(x, A)+#) = 0, 
F;(x, X)q+ 3F::(x, VW + &:1: (x9 WW = 0, 
k(9) - 1 = 0, I(+, 0) = 0, * +#5 4) = 0. 
(4) 
(5) 
This system is a generalization of the Seydel-Moore-Spence method [2] for simple turning 
points and the method, described in [3], for the calculation of a cusp Catastrophe. 
We have applied this method to a nonlinear Fredholm integral equation 
f(x)-jolx,((f(~)-2)‘+f(~)+X,) exp ( ;;{y$)dy = 0. 
After discretization with a n-point trapezoidale rule, the extended system for (6) is a system of 
(4n + 3) equations which can be solved with Newton’s method. Due to the special structure of 
the extended system, each iteration requires only the solution of 20 linear (n x n) systems with 
the same coefficient matrix. Afterwards a Richardson extrapolation scheme can be used to 
improve the accuracy of the results. 
Equation (6) has a swallowtail for XT = 13.820496273, X2 = -0.47337471 and X: = 
1.90707591. Table 1 shows the results for X, - ades is the desired accuracy, erred is an error 
estimate, eact is the actual error, nfin is the final number of discretization points and time is the 
computing time in seconds (IBM3033, University Leuven). 
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